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What Are Physics-Informed Neural Networks
(PINNs)?

▶ PINNs incorporate physical laws (ODEs, PDEs, etc.) into the training of neural
networks.

▶ Instead of (or in addition to) fitting standard labeled data, we penalize the
network if it violates the governing equations.

▶ Use automatic differentiation (AD) to compute derivatives for the PDE or ODE
residual.

▶ Boundary/initial conditions are enforced as part of the loss function.
▶ We effectively transform solving differential equations into a data-driven,

neural-network–based learning problem.
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General PINN Strategy

1. Define a neural network uθ(x) (or uθ(x, y), etc. for PDEs).
2. Use automatic differentiation to compute partial derivatives needed for the

PDE/ODE.
3. Define the residual for the equation, e.g. F(uθ, x).
4. Incorporate boundary or initial conditions by adding penalty terms to the loss.
5. Train (optimize) to minimize:

L(θ) = MSE
(
F(uθ, x)

)︸ ︷︷ ︸
Equation Residual

+ MSE
(
uθ(boundary)− BC

)︸ ︷︷ ︸
Boundary Loss

+ · · ·

6. After training, uθ approximates the solution.
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1D ODE with Zero Boundary Conditions

Example ODE:
d2y
dx2 = −1, x ∈ (0, 1),

with boundary conditions
y(0) = 0, y(1) = 0.

Analytical solution:

y(x) = −x2

2 +
x
2 .

PINN Setup:
▶ Define yθ(x) as a neural net.
▶ PDE residual: r(x) = y′′θ(x) + 1.
▶ Enforce boundary conditions yθ(0) = 0 and yθ(1) = 0.
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Pointers to Code

Code Reference:
▶ demo/01_ODE_ZBC.ipynb demonstrates the full PyTorch implementation.
▶ It constructs a small network, sets up the ODE residual, and enforces boundary

conditions within the loss.
▶ Training is run via Adam, and a final plot compares the learned solution to the

analytical solution.
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1D ODE with Non-Zero Boundary Conditions

Example ODE (same interior PDE, different BCs):

y′′(x) = −1, x ∈ (0, 1),

y(0) = 1, y(1) = 2.

Analytical solution:

y(x) = −x2

2 +
x
2 + 1.
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Pointers to Code

Main Difference:
▶ The boundary conditions now are y(0) = 1 and y(1) = 2.
▶ Only the boundary part of the loss changes.

Code Reference:
▶ demo/02_ODE_NZB.ipynb shows the minor modifications in the boundary loss

terms.
▶ demo/02_ODE_NZB_HARD.ipynb shows the modification of the Ansatz function.
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Hard vs. Soft Enforcement of Boundary/Initial
Conditions

Hard (exact) enforcement
▶ BCs satisfied by construction via ansatz:

uhard
θ (x) = g(x) + B(x)Nθ(x), B|∂Ω = 0, g|∂Ω = uBC.

Example (1D, y(0) = a, y(1) = b):

yhard
θ (x) = a(1 − x) + bx + x(1 − x)Nθ(x).

▶ Pros: zero BC error; often better conditioning near ∂Ω.
▶ Cons: need B, g design; awkward for complex/Neumann BCs; may limit expressivity.

Soft (penalty) enforcement
▶ Add BC penalties to loss:

L = MSE
(
F(uθ)

)
+ λBCMSE

(
uθ|∂Ω − uBC

)
+ λICMSE(·).

▶ Pros: simple; works for varied BCs and irregular domains.
▶ Cons: only approximate; depends on λ and boundary sampling.

Tips: Oversample boundaries, normalize/weight losses, use augmented Lagrangian or λ-annealing for better BC
accuracy.
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2D Poisson: PDE, Boundary Conditions, Analytic
Solution

Domain: Ω = (0, 1)2, with boundary ∂Ω.

−∆u(x, y) = f(x, y), (x, y) ∈ Ω,

u(x, y) = g(x, y), (x, y) ∈ ∂Ω.

Analytic solution (used for f and g):
u∗(x, y) = x2 + y + sin(πx) sin(πy), f(x, y) = 2 − 2π2 sin(πx) sin(πy).

Dirichlet boundary values (non-zero on all sides):
g(0, y) = y, g(1, y) = 1 + y,
g(x, 0) = x2, g(x, 1) = x2 + 1.

▶ demo/02_PDE_NZB.ipynb.
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Black–Scholes Recap

∂V
∂t + 1

2σ
2S2∂

2V
∂S2 + rS∂V

∂S − rV = 0.

Terminal: V(S,T) = max(S − K, 0).

Boundaries: V(0, t) = 0, V(Smax, t) ≈ Smax − Ke−r(T−t).
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Pointers to Code

Key Steps in the PINN Setup:
▶ PDE residual:

Vt + 0.5σ2S2 VSS + rS VS − r V.
▶ Boundary conditions at S = 0 and S = Smax.
▶ Terminal condition at t = T.

Code Reference:
▶ demo/03_Black_Scholes_PINNs.ipynb contains the full implementation.
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Exercise: 1D ODE with Non-Zero Boundary
Conditions

Problem (domain x ∈ (0, 1)):

y′′(x) + y(x) = x , y(0) = 1, y(1) = 0.3

This is a second-order, linear, non-homogeneous ODE with non-zero Dirichlet boundary conditions.

Tasks:
1. Implement a PINN with soft boundary enforcement (penalty): minimize MSE

(
y′′θ + yθ − x

)
on (0, 1)

+ λMSE({yθ(0)− 1, yθ(1)− 0.3}).
2. Implement a PINN with hard boundary enforcement (lifting): use yθ(x) = A(x) + B(x)Nθ(x) where

A(0) = 1, A(1) = 0.3 and B(0) = B(1) = 0, train only on MSE
(
y′′θ + yθ − x

)
.

3. Compare solutions vs. y∗(x) on a dense grid: report relative L2 errors, boundary errors, and show plots.

Hints (optional):
▶ A simple choice: A(x) = (1 − 0.3)(1 − x) + 0.3x = 1 − 0.7x, B(x) = x(1 − x).
▶ Solution: 04_Solution.ipynb.
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